On connections between logic on words and
limits of graphs

Mai Gehrke, Tomas Jakl, Luca Reggio ?

Logic Colloquium (Prague)
13 August 2019

UNIVERSITE -
COTED’AZUR ".t."

¥The research discussed has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No.670624)



Priestley duality and model theory

- /—\
PriesSp DLat
-



Priestley duality and model theory

- /—\
PriesSp DLat
-

(PrimeFilt(D), 70, C) <~ i rnna D

topology generated by a= {F | a€ F} and (3)¢, forac D



Priestley duality and model theory

- /—\
PriesSp DLat
-

(PrimeFilt(D), 70, C) <~ i rnna D

topology generated by a= {F | a€ F} and (3)¢, forac D

(X, 7, <) A~~~ clopen upsets of X



Priestley duality and model theory

- /—\
PriesSp DLat
-

(PrimeFilt(D), 70, C) <~ i rnna D

topology generated by a= {F | a€ F} and (3)¢, forac D

(X, 7, <) A~~~ clopen upsets of X

Example (The space of types) Lindenbaum-

Tarski algebra
Xpo " AAANANANNANNANA LTRO for FO(0)

e points are types
~ equiv. classes of o-structures M with v: Var - M

e basic opens ¢ = {[(M, V)] | M |=, ¢}, for ¢ € FO(0)
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Logic on Words

e Models: words w € A* = structures ({1,.

e Sentence ¢ gives a language L, = {w | w

o wl <, Pa(x) aca
ey CA

e “F.O. sentences with <" = “star-free languages”

[McNaughton, Papert 1971]

e Semiring quantifiers for more general languages:
e.8. (Fkmoa n x) @(x) if (x) holds on (k mod n)-many positions

Duality-theoretically [Gehrke, Petrisan,
B C P((Ax2)") —— B3 CP(A%)

X i M(X,8)=—

Reggio]:

Finitely additive measures

valued in semiring S:

L p(0) = 0s, u(X) = 1s,

2. AN B = () implies
W(AUB) = j(A)+1(B)
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Structural limits [Nesetfil, Ossona de Mendez]

For a formula ¢(x1,...,x,) and a finite o-structure A,

{acA"[AE¢() }]
Al

(p, A) (Stone pairing)

Mapping A — (—, A) defines an embedding

Fin(o) — M(Xro,[0,1])

The limit of (A;); is computed as lim (—, A) in M(Xro, [0, 1]).

i—00
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X —— M(X,S) X ——— M(X,[0,1])
Does M(—, [0, 1]) also correspond to adding a layer of quantifiers?

The problem: M(X,[0,1]) is not a Priestley space

Our solution:

e Double the rationals in [0,1] to get a Priestley space I'
e Then M(X,T) is also a Priestley space = has a dual
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The space (I', —, ~)

Define I as the dual of ([0,1] N Q) < {T} reversed:

-0 -= v
dual r- =

FAANANANS N = o

g =7

1=1 - 0°

e Retraction I [0, 1] M(Xro,T)
e Semicontinuous partial <V

operations — and ~ on I’ Fin(o)
o X — M(X,I) acts on <x
M(Xro,[0,1])

Priestley spaces



The dual of X — M(X,I)

Given D, define P(D) as the Lindenbaum-Tarski algebra for the
positive propositional logic on variables

P>qp  (forp€D,qe[0,1]1NQ)

and satisfying the rules

(L1) p < qimplies P>g o =P>p¢

(L2) ¢ < ¢ implies P>q ¢ = P>q 1)

(L3) P>pf = for p>0, =Psof, and EP>qt

(L4) Popp A Poqth EPoprg—r (V) V Pxr (0 A9) whenever
0<p+g—-r<l1

(L5) Poprg—r (@ V) APsr(@AY) EPspe V Psq1) whenever

0<p+qg-r<1
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Given D, define P(D) as the Lindenbaum-Tarski algebra for the
positive propositional logic on variables

P>qp  (forp€D,qe[0,1]1NQ)

and satisfying the rules

(L1) p < qimplies P>g o =P>p¢

(L2) ¢ < ¢ implies P>q ¢ = P>q 1)

(L3) P>pf = for p>0, =Psof, and EP>qt

(L4) Popp A Pog9p | Popig—r (9 V) V P>r (¢ A9) whenever
0<p+g—-r<l1

(L5) Poprg—r (@ V) APsr(@AY) EPspe V Psq1) whenever
0<p+qg-r<1

Theorem
If D «~» X then P(D) «~» M(X,T).



Logical reading of P(L7x0)

Recall the embedding Fin(o) — M(Xro, ), A+ (—, A), where

(p, A) = “the probability that a random assignment satisfies "

The duality P(LTr0) ¢+~ M(Xro, ') provides the semantics:

AEPsqe iff (p,A)2q°



Logical reading of P(L7r0)

Recall the embedding Fin(o) — M(Xro, ), A+ (—, A), where

(p, A) = “the probability that a random assignment satisfies "

The duality P(LTr0) ¢+~ M(Xro, ') provides the semantics:

AEPsqe iff (p,A)2q°

IP~4 is a quantifier that binds all free variables.

Remark: We can also add negations, then P is =P>.
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Comparison with the Logic on Words

The embedding
Fin(o) - M(Xro,T), A~ (—A): Xpo = T
also used in the logic on words, for B C P((A x 2)*),
A* = M(Xp,S), wr—(—w): Xg—S
where, B € B, (B,w) =15+ ...+ 1 for every (w,i) € B

e The same constructions!

e It's an embedding into the space of types of an extended logic
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Thank you for your attention!
(check out arXiv:1907.04036)



