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Outline of this talk

We apply the forcing construction a la Takeuti and Yasumoto (1996) to construct
generic extensions for subclasses of PTIME; NC! and NL.
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Outline of this talk

We apply the forcing construction a la Takeuti and Yasumoto (1996) to construct
generic extensions for subclasses of PTIME; NC! and NL.

Then we discuss the problem of relating separation problems in
computational /proof complexity to properties of generic extensions.
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Subclasses of PTIME

Many complexity classes are define inside PTIME:

o ACP%=constant depth polynomial size Boolean circuits

e NC! = ALOGTIME : O(log n)-time bounded alternating TMs
o [=0(log n)-space bounded DTMs

e NL=O(log n)-space bounded NTMs

However, no separations are known above ACO:

ACC NCYCLC NLC P C NP.
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Two-sort Bounded Arithmetic

Two-sort language comprises

@ number variables : x,y,z,..
@ string variables : X, Y, Z, ...,
o functions and predicates : Z(x) =0, x+y, x-y, | X[, x€ X, x<y.

Two-sort structures consist of pairs of universes (My, M) where My is the number
part and M is the string part.

Y8 = formulas with only bounded number quantifiers,

¥ 8,N?B are defined by counting the alternations of bounded string quantifier.
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Two-sort theories

VY B_theorems of bounded arithmetic theories correspond to subclasses of PTIME:
o V0 =3E.COMP= AC? V! =5%B.-COMP = P,
e VP = V9%4+Monotone Circuit Value = P,

VNC! = V%4 Boolean Formula Value = NC1,

VNL = V°+Reachability of undirected graphs = NL,
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Takeuti-Yasumoto forcing : construction of generic

Given a countable nonstandard model It = (Mp, M) = V! + —exp and a Boolean
algebra B C M of computational objects over inputs ps,

.., pn_1 for a fixed
ne My \w.
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Takeuti-Yasumoto forcing : construction of generic

Given a countable nonstandard model It = (Mp, M) = V! + —exp and a Boolean
algebra B C M of computational objects over inputs ps, ..., p,_1 for a fixed

ne My \w.

eg. B={C e M: Cis a circuit with n inputs}

We assume some partial order on B.

Examples:
e X<, YSVAe2" AEX = AEY).
e X<y Y& MEIP Prir(P,X = Y).
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Takeuti-Yasumoto forcing : construction of generic

A My-complete ideal I C B is a nontrivial ideal such that for any
X = (Xo,...,Xk) € M®,

Xor. o, Xeel=\/ X €1

i<k

Elements of the ideal are ruled out from the generic extension.
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Takeuti-Yasumoto forcing : construction of generic

A My-complete ideal I C B is a nontrivial ideal such that for any
X = (Xo,...,Xk) € M®,

Xor. o, Xeel=\/ X €1
i<k
Elements of the ideal are ruled out from the generic extension.

A set D C B is dense over a My-complete ideal T if for any X € B\ I there is
X" € D\ I such that X’ < X.

A maximal filter G C B is M-generic over I if for any I dense over I and
definable in 99, DN G # 0.
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Takeuti-Yasumoto forcing : forcing theorem

For X : a — B and M-generic G, define ig(X) = {x < a: X(x) € G}.
Mg = {ig(X): X € M, X : a— B, for some a € My}

M[G] = (Mo, Mg)
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Takeuti-Yasumoto forcing : forcing theorem

For X : a — B and M-generic G, define ig(X) = {x < a: X(x) € G}.
Mg = {ig(X): X € M, X : a— B, for some a € My}

M[G] = (Mo, Mg)

Theorem (Forcing Theorem)

There is a translation [-] : ¥& — B such that for o(x,X) € £, 3 € My,
A1, ..., Ax € M, with A; : b; — B and M-generic G,

MIG] k= (3, ic(Ar), - -, ic(Ac)) < [¢(3,Ar, ..., Al € G.
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Boolean algebras for NC!

Boolean algebra for NC! is constructed by using the fact that NC? circuits are
essentially Boolean formulas.

Formula(p) = the set of Boolean formulas with variables p = po, ..., pp—1
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Boolean algebras for NC!

Boolean algebra for NC! is constructed by using the fact that NC? circuits are
essentially Boolean formulas.

Formula(p) = the set of Boolean formulas with variables p = po, ..., pp—1

Partial orders:
e X<, YSVAC2"AEX = AEY).
o X <px Y& MEIP Pripx(P,X = Y).

Bne = Formula(p)/ =e, Bpx = Formula(p)/ =pk.
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Basic Properties of generic sets

Let B be either Byc or Bpk.

Lemma

Let | be an My-complete ideal. For any X € B\ I there exists a M-generic G
such that X € G.

A set S C B is PK-consistent if

M = there is no PK-proof of L from S.

Lemma
If S C B is PK-consistent then there exists a M-generic G such that S C G. J
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Boolean algebra for NL

Boolean algebra for NL is obtained by extending propositional formulas to allow
transitive closure operators.

TC connective: TCY, ,(Po1;- -5 Pn-1.n-2)-

Intended meaning:
there is a path of length < k from a to b in the graph defined by
Po,1y .-y Pn-1,n—2-

Partial orders:
e X< . YSVAC2(AEX 5 AREY).
o X <preck Y &M ': P PrprCK(P,X — Y)

NB : PTCK is PK extended by axioms for TC connectives.

Brc = Formula(p)/ =e, Bprck = TCF(P)/ =p1ck
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Generic models for NC! and NL

Theorem
Q@ IfG C Byc or Bpk is M-generic then M[G] = VNC!.
Q IfG C Byc or Bprck is M-generic then M[G] E VINL.
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Generic models for NC! and NL

Theorem

Q@ IfG C Byc or Bpk is M-generic then M[G] = VNC!.
Q IfG C Byc or Bprck is M-generic then M[G] E VINL.

Proof is given by constructing Boolean formulas/TC formulas witnessing Boolean
formula value problem/st-connectivity resp.
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Relating generic models and computational complexity
Theorem (K)

G C Bpc.

Let M = VL. 9 = P C NC! if and only if M[G] = VP for any M-generic
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Relating generic models and computational complexity

Theorem (K)

Let M = VL. 9 = P C NC! if and only if M[G] = VP for any M-generic
G C Bnc.

(From left to right).

IfMmEPC NC?' then we can witness Monotone Circuit Value by Boolean
formulas.
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Relating generic models and computational complexity

Theorem (K)

Let M = VL. 9 = P C NC! if and only if M[G] = VP for any M-generic
G C Bnc.

(From left to right).

IfMmEPC NC?' then we can witness Monotone Circuit Value by Boolean
formulas.

(From right to left).

If M = P € NC! then we can construct a PK-consistent set violating MCV.
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Relating generic models and proof complexity

Theorem (K)
Let M = V! and suppose that the following conditions hold in 9.
o G <, Go.
o Propositional translations of ¥ -theorems of V! have polynomial size G}
proofs

Then M[G] = VP for any M-generic G C Br.

Theorem (K)

Let M = V! and suppose that M (= EF &£, F. Then there exists an M-generic
G C Bf such that

M[G] & V.
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Problems

@ Construct Boolean algebras for other complexity classes; eg. three-sort
models for PSPACE.

@ Develop techniques to decide whether a given ¥5 U2 formula holds or not
in generic extensions.
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