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Context

1. Forcing

2. Class Ultrapowers

2/22



Class Ultrapowers

1. U C PY(A) a V-ultrafilter on A, i.e.
> U afilteron A
> IfBeV,BCA thenBeUorA\BeU
2. UV, U)=A{[f]|f: A=V, f eV} by:
[fle* [g] iff {fac A| f(a) eg(a)} e U
[f] =gl iff {ac A|f(a) = g(a)} € U
3. j: V= Ult(V,U), j(x) = [a~ x] is elementary
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Definition

I ideal on P(k) is | C k with
1.0el, kel

2. Ael,BCA = Bel
3.ABcl — AUBecl
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Definition

I ideal on P(k) is | C k with
1.0el, kel

2. Ael,BCA = Bel
3. ABel — AUBel

Notation
> Aclifc\Ael
> AcltifA¢l

Further, [ is
» k-complete if 7 <k, (Ny |a<7)C | = Uyper N €1
» normal if closed under diagonal unions:
if (Ny | @ < k) C1, then
VaculNa ={f<k|Ja< B pe N} eI
equivalently, f : k — &, f(a) < a IT-often = f constant
I*-often
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Example
for k > w: Il == {AC k| |Al < No} ideal
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Definition

I ideal on &, A, B C k:
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Definition

I ideal on &, A, B C k:

A</ Bif A\Bel

A=, Bif A<, Band B <, A

Then P(k)/1 :={[Alz, | A C K}, < induced by <.
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Definition
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Definition

| ideal on k is A-saturated if

for any (S | @ < \) family of /T -sets
there are a < (3 such that S, N Sz € I,

Theorem
For | k-complete and k-saturated:
P:= (P(x)/I,<;) \ [0] is a complete Boolean algebra with k-cc,
(i.e. no antichains of size > k)
Similar for k™ -saturated.
Given G P-generic over V: U ={A € PV (k) |[Al € G} isa
V-ultrafilter that is:
» V-k-complete: A\ < k, (B, |a< ) €V, eachB, e U =
Na<r Ba € U
» V-normal: f:k — K, f €V, f(a) < a U-often = f
constant U-often

Ult(V, U) is well-founded and j : V — UIt(V, U), crit(j) = k.
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Remark
Often, we write P(x)/l when we mean the forcing P(x)/1\ [0].
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Weak corollaries of saturation
Definition

For I any ideal on k:
I precipitous if Ult(V, U) well-founded.
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I precipitous if Ult(V, U) well-founded.

Definition
| is A-presaturated if | is precipitous and P(k)/I preserves A.

Theorem

| \-presaturated iff for every p < X\, (Aq | @ < p) antichains of
P(r)/1,

for densely many [X], for all , [X] compatible with < p-many
[Y] € Aa.

Theorem
For k a regular cardinal, k™ -saturated implies k™ -presaturated
implies precipitous.

10/22



Weak corollaries of saturation

Definition
For I any ideal on k:
I precipitous if Ult(V, U) well-founded.

Definition
| is A-presaturated if | is precipitous and P(k)/I preserves A.

Theorem

| \-presaturated iff for every p < X\, (Aq | @ < p) antichains of
P(r)/1,

for densely many [X], for all , [X] compatible with < p-many
[Y] € Aa.

Theorem

For k a regular cardinal, k™ -saturated implies k™ -presaturated
implies precipitous.

The converses are false.
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Question (Foreman)

For J ideal on Z C P(k+T1),

Let | projected ideal to Z' C P(k™"), i.e.
I={Nnznk™|NeJ, ze Z}

Suppose canonical homomorphism P(Z')/1 — P(Z)/J regular
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Question (Foreman)

For J ideal on Z C P(k+T1),

Let | projected ideal to Z' C P(k™"), i.e.
I={Nnznk™|NeJ, ze Z}

Suppose canonical homomorphism P(Z')/1 — P(Z)/J regular
Then: Is | k"1 saturated?

Theorem (Cox, Eskew, Zeman)

No. For counterexample, suffices to find some |
w1 presaturated, non-x+"t-saturated ideal on k.

Theorem (Cox, Eskew)
Such ideals consistently exist for n = 0 and k successor of singular

Theorem
Same with n =0 and k = pu* regular, with y~* = p, forcable by a
specific poset P(j, k)

Question
What about k inaccessible?
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Theorem (Cox, Eskew 2019)

For u regular, p~V = p, and k = ™.
Let P(u, k) force a club through k with < u-conditions.
Then if V has k-complete, k' -saturated ideals on k:
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Theorem (Cox, Eskew 2019)
For u regular, p~V = p, and k = ™.
Let P(u, k) force a club through k with < u-conditions.
Then if V has k-complete, k' -saturated ideals on k:
> VPR = no kT -saturated ideals on k
» For | k-complete, kT -saturated in V,
VPR =T = {AcPVICl(k) |IN €T AC N} is
kT -presaturated

Remark

P(w1,w2): Baumgartner-Taylor (1982), forces club of wy with
finite conditions
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Theorem (Sinapova, S.)

Let V |= GCH, with k inaccessible, k-complete k™ saturated ideals
on k.

Let Q be Easton support iteration of P(u, u"), u < r regular.
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Theorem (Sinapova, S.)

Let V |= GCH, with k inaccessible, k-complete k™ saturated ideals
on k.

Let Q be Easton support iteration of P(u, u"), u < r regular.
Then VQ =

» No k-complete, k' -saturated ideals on

> If | k-complete, x"-saturated in V
then | = {Ac PV*(k) | 3N € | AC N} is x*-presaturated
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Towards a (partial) proof: Key properties of P(u, 1)

For u regular, P(u, u™) has:
1. |P(u, u™)| = u™ hence P(u, ut) has the ut+-cc
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Towards a (partial) proof: Key properties of P(u, 1)

For u regular, P(u, u™) has:

1.

|P(p, ut)| = ™ hence P(u, u™) has the p*-cc

2. P(u,pu™) is < p-directed closed
3.
4. For every 0 > ptt and M < (Hp, €, ut) with

P(u, ™) is not T -cc below any condition
Mt e pt ncof (), P(u, u™) is strongly proper for M

In V[G], G P(u,u")-generic, is C, a club subset of pt with
XeV, [ X|>2p = XZC,
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Towards a (partial) proof: Destroying Saturation

With Q Easton support iteration of P(u, u™), u < k regular:

Proposition (Destroy saturation)

If J k-complete k+ saturated in V/, then J is not kt-saturated in
va.

Lemma (Baumgartner-Taylor, Laver)

With j : V — Ult(V, U) generic elementary embedding given by
P(r)/J:

J is kT -saturated in V@ iff Ik “/(Q) is kt-cc”

Proof of proposition.

In V() U a P(k)/J-generic:

J(k) inaccessible in Ult(V, U) hence j(k) > ™ in Ult(V, U).

In Ult(V, V), j(Q)(x) = P(x,x") hence j(Q) is not kT -cc. O
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Towards a (partial) proof: Preserving (some) Presaturation

Proposition

For J € V a k-complete normal k™ -saturated ideal:
In VQ, J is kT -presaturated.
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Towards a (partial) proof: Preserving (some) Presaturation

Proposition
For J € V a k-complete normal k™ -saturated ideal:
In VQ, J is kT -presaturated.

Tools we need:

Lemma

IfQ1, ..., Qp posets, such that
IFQys..-xq; Qi+1 A-cc or A-directed closed
then Qq * - -- % Q, is \-presaturated.

Lemma
If P« Q \-presaturated
then P \-presaturated and |Fp Q A-presaturated.
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Towards a (partial) proof: Preserving (some) Presaturation

Lemma (Foreman's Duality Theorem)
For J a k-complete normal precipitous ideal in V
P a k-cc poset in V:

Then _
(]P’*ﬂ)( )/J) (TP(F;)/J *j(IP’))
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Towards a (partial) proof: Preserving (some) Presaturation

Proposition
For J € V' a k-complete normal k1 -saturated ideal:
In VQ, J is kt-presaturated.

Proof.

For U a P(k)/J-generic filter: j(Q) = Q * R,

R Easton support iteration of P(u, u*), over p € [k, j(k)) regular
in Ult(V, U).
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closed.

Thus P()/J * j(Q) is kT -presaturated

By Duality, Q * P(x)/J is x*-presaturated
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Question (Cox, Eskew 2019)

Can the above be done at the successor of a singular?

Question
Is the use of GCH., necessary?

Question
Does Q preserve k™ -presaturation of all k™ -presaturated ideals?
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