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Martin ZieglerComputer Game Computer Game CivilizationCivilization

In In thethe simulationsimulation, , eacheach countrycountry (leader)(leader) isis describeddescribed byby

quantitative quantitative attributesattributes thatthat governgovern itsits "AI" "AI" behaviorbehavior..

Initially Gandhi's Initially Gandhi's aggressionaggression :=1:=1

When a country adopts democracy, When a country adopts democracy, 
its  its  aggressionaggression decreases by 2.decreases by 2.



Martin ZieglerComputer Computer NostalgiaNostalgia ((191980ies)80ies)

≠≠��

• hardware data type
byte

• Inconvenient/ 

unelegant

• absolute performance

• low-level prog.language

/word

Coding, not Computer Science

• empirical correctness

1 MHz CPU1 MHz CPU

64kB RAM64kB RAM

→bugs

Martin ZieglerContemporaryContemporary Computer Computer ScienceScience

1.1. RigorousRigorous specificationspecification

2.2. AlgorithmAlgorithm design&analysisdesign&analysis

((alwaysalways correctcorrect & & efficientefficient))

3.3. ProofProof of of optimalityoptimality

((polynom.polynom.--timetime reductionreduction))

4.4. Design/buildDesign/build on on axiomaticaxiomatic

Abstract Data Abstract Data TypesTypes

5.5. in in obj.obj.--orientedoriented highhigh--levellevel

prog.languageprog.language ((semanticssemantics))

6.6. Formal Formal verificationverification

7.7. ImplementationImplementation/coding/codingL O G I C

/word

• hardware data type
byte

• inconvenient/

unelegant 

• absolute performance

• low-level prog.language

≠≠��

• empirical correctness

→bugs



Martin ZieglerAbstract Data Type Abstract Data Type = = StructureStructure

•• � � 
((integerinteger in Python3; in Python3; 

bigintbigint in Java;  GMP)in Java;  GMP)

•• stackstack of  of  X   X   

•• queuequeue of of XX

•• filefile of of XX

•• arrayarray[[XX]] of  of  YY

•• (labeled) graph (of (labeled) graph (of XX,,YY))

/word

• hardware data type
byte

• inconvenient/ 

unelegant

• absolute performance

• low-level prog.language

ObjectObject--oriented oriented highhigh--levellevel

programming language:programming language:

• empirical correctness

•• modularmodular software designsoftware design

•• ““Information hidingInformation hiding””

•• idealideal data typesdata types

→bugs

convenient,

elegant     → less bugs

Martin Ziegler

≠≠��

ContemporaryContemporary NumericsNumerics

Algorithms

Algorithms

Algorithms

„„nag_opt_one_var_derivnag_opt_one_var_deriv““

normallynormally computescomputes a a sequencesequence

of xof x valuesvalues whichwhich tendtend in in thethe

limitlimit to a to a minimumminimum of F xof F x

≠≠��

• hardware data type
byte/word

• inconvenient/

unelegant 

• absolute performance

• empirical correctness
1.1. RigorousRigorous specificationspecification

2.2. AlgorithmAlgorithm design&analysisdesign&analysis

((alwaysalways correctcorrect & & efficientefficient))

3.3. ProofProof of of optimalityoptimality

((polynom.polynom.--timetime reductionreduction))

4.4. Design/buildDesign/build on on axiomaticaxiomatic

Abstract Data Abstract Data TypesTypes

5.5. in in obj.obj.--orientedoriented highhigh--levellevel

prog.languageprog.language ((semanticssemantics))

6.6. Formal Formal verificationverification

7.7. ImplementationImplementation/coding/coding

float/double

→bugs
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≠≠��

MedievalMedieval MathematicsMathematics

Algorithms

Algorithms

Algorithms

„„nag_opt_one_var_derivnag_opt_one_var_deriv““

normallynormally computescomputes a a sequencesequence

of xof x valuesvalues whichwhich tendtend in in thethe

limitlimit to a to a minimumminimum of F xof F x

≠≠��

• hardware data type
byte/word

• inconvenient/

unelegant 

• absolute performance

• empirical correctness

float/double

IEEE754: IEEE754: 

±∞±∞, , ±±0, 0, NaNNaNss, , dedenormalsnormals

Don'tDon't test test forfor equalityequality!!

How about inequality "<" ?

x=0  ⇔  ¬(x<0)  ∧ ¬(x>0)

& inconsistent

doubledouble violates: 

• intermed. value theorem

• compactness of  [0,1]

• fixed point theorems,

• logical completeness,

• and even distributive law

��, as opposed to �, violates:

Martin ZieglerExampleExample Prog. Prog. CodeCodess
xxnn →→ xxnn+1+1 :=:= rr··xxnn·· (1(1--xxnn))

xx00:=11/2,   :=11/2,   xx11:=61/11 :=61/11 

xxmm+1+1 := 111 := 111 −− (1130(1130--3000/3000/xxmm--11)/)/xxm m → 6

MATLAB function

y=jmmuller(m)

x =vpa (11/2); 

y =vpa (61/11);

while m>1; 

t =    (111 -

(1130-3000/x)/y);

x=y; y=t; m=m-1; 

end; end →→ 66

vpavpa

vpavpa

vpavpa

errorerror ≤≤10%10%

floatfloat:  :  nn≤≤30,  30,  doubledouble: : nn≤≤85, 85, 

longlong doubledouble: : nn≤≤200200

rational: rational: nn≤≤2424

→→ 100100



Martin ZieglerModels of Real Computation
�, not � nor �

Imperative, 

+,−, ×, ÷, <    exact

[Turing’37], 

[Grzegorczyk’57] 

Computing by 

streams of approximations

THIS TALKTHIS TALK

(imperative)(imperative)

realPCF

[Escardó’96]

(functional)

sign exp
+,−
×,÷

Martin ZieglerIntermission
Floating point numbers (IEEE 754 from 1985) Floating point numbers (IEEE 754 from 1985) 

are a hardwareare a hardware--based, based, legacylegacy data type data type —— like like bytebyte::

to be to be hidden hidden behind objectbehind object--oriented oriented idealideal data types!data types!

Project: Develop continuous abstract data types.

• Fix some continuous structure  (example: real numbers).

• Investigate computability of its operations/predicates.

(Turing machines, Computable Analysis)

• Modify their semantics to make them computable and s.t.

• computing over this structure becomes Turing-complete.

Logic of Computing with Continuous Data:Logic of Computing with Continuous Data:

Foundations of Numerical Software EngineeringFoundations of Numerical Software Engineering



Martin Ziegler
ComputingComputing Real Real NumbersNumbers

Fact:Fact: ForFor rr∈∈��, , 
tthehe followingfollowing areare equivalentequivalent::

a) a) rr has a has a recursiverecursive binarybinary expansionexpansion

b) b) ThereThere existsexists a Turing a Turing machinemachine printingprinting

a a sequencesequence ((aan n ))⊆⊆�� withwith ||rr--aa/2/2nn| | ≤≤ 22--nn. . 

c) c) ThereThere existsexists a Turing a Turing machinemachine printingprinting

sequencessequences ((aann),(),(bbnn))⊆⊆�� withwith ||r r −− aann/b/bnn| | ≤≤ 1/1/nn

Ernst Ernst SpeckerSpecker (1949):   ((1949):   (c)c)HaltingHalting problemproblem ⇔⇔ (d)(d)

d) d) ThereThere existexistss a a machinemachine printingprinting ((qqnn))⊆⊆�� withwith qqnn→→rr..

CallCall rr∈∈�� computablecomputable ifif

Martin Ziegler

provided it exists

• Fix some continuous structure  (example: real numbers).

• Investigate computability of its operations/predicates.

• Modify their semantics to make them computable and s.t.

• computing over this structure becomes Turing-complete.

�� as as ComputableComputable Abstract Data TypeAbstract Data Type

Reminder: Reminder: +, -, ×, ÷ are computable

Fact:Fact: There is a There is a computablecomputable sequencesequence ((rrjj))⊆⊆[0,1][0,1]

such that such that { { jj : : rrjj≠≠0 } = 0 } = HH,  the Halting problem.,  the Halting problem.

• +, -, ×, ÷, 0, 1:  exact operations

• Partial semantics of tests:  „x>y“ = ↑ if x=y.

• choose(x1>y1,…xd>yd) = anyany j s.t.  xj>yj

NonNon--extensionalextensional „„ParallelParallel--OROR““ [[EscardEscardóó/Hofmann/Streicher/Hofmann/Streicher’’04]04]



Martin Ziegler
ProgrammingProgramming overover ComputableComputable ��

Example 0: Fuzzy/soft test  [Chee K. Yap, …] 

choose( y+2-n > x , x+2-n > y )

REAL Trisection(INTEGER p; REAL→REAL f);

REAL x:=0; REAL y:=1;    

WHILE ( choose(2p>y-x , y-x>2p-1) == 2)

IF (choose(0>f((2x+y)/3),f(
(x+2y)/3)>0)==1)

THEN  x:=(2x+y)/3  ELSE  y:=(x+2y)/3  ENDIF

• +, -, ×, ÷, 0, 1:  exact operations

• Partial semantics of tests:  „x>y“ = ↑ if x=y.

• choose(x1>y1,…xd>yd) = anyany j s.t.  xj>yj

(�,0,1,+,>) and  (�,0,1,+,×, >) with ι:�∋p→2p∈�

Arguments exact, value approximate to 2p.

Martin Ziegler

• +, -, ×, ÷, 0, 1:  exact operations

• Partial semantics of tests:  „x>y“ = ↑ if x=y.

• choose(x1>y1,…xd>yd) = anyany j s.t.  xj>yj

Logic of Computing over Logic of Computing over ��
Theorem:Theorem: a) Computing over the below twoa) Computing over the below two--sorted sorted 

structure is Turingstructure is Turing--completecomplete for real functionsfor real functions!!

Reconcile BlumReconcile Blum--ShubShub--SmaleSmale model & Computable Analysismodel & Computable Analysis

b) Said twob) Said two--sorted structure has sorted structure has 

decidable decidable FirstFirst--Order Theory!Order Theory!

c) c) Generalizing (a) Generalizing (a) 

to real to real functionfunctionalalss..

⇐⇐ [[van den Driesvan den Dries’’86]86]

→→ formal verification.formal verification.

Also Also ““model completemodel complete””

WrongWrong forfor ιι((nn)=1/)=1/nn

(�,0,1,+,>) and  (�,0,1,+,×, >) with ι:�∋p→2p∈�

Arguments exact, value approximate to 2p.
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Computing over Continuous StructuresComputing over Continuous Structures

Theorem:Theorem: a) Computing over the below twoa) Computing over the below two--sorted sorted 

structure is Turingstructure is Turing--completecomplete for real functionsfor real functions!!

Reconcile BlumReconcile Blum--ShubShub--SmaleSmale model & Computable Analysismodel & Computable Analysis

b) Said twob) Said two--sorted structure has sorted structure has 

decidable decidable FirstFirst--Order Theory!Order Theory!

c) c) Generalizing (a) Generalizing (a) 

to real to real functionfunctionalalss..

Continuous Abstract Data Types  Continuous Abstract Data Types  in progressin progress::

•• Compact Metric GroupsCompact Metric Groups

•• GrassmannianGrassmannian

•• Analytic FunctionsAnalytic Functions

•• Compact Compact ManifoldsManifolds

⇐⇐ [[van den Driesvan den Dries’’86]86]

→→ formal verification.formal verification.

Also Also ““model completemodel complete””

WrongWrong forfor ιι((nn)=1/)=1/nn

Martin Ziegler
Intermission

Project: Develop continuous abstract data types.

• Fix some continuous structure  (example: real numbers).

• Investigate computability of its operations/predicates.

(Turing machines, Computable Analysis)

• Modify their semantics to make them computable and s.t.

• computing over this structure becomes Turing-complete.

Logic of Computing with Continuous Data:Logic of Computing with Continuous Data:

Foundations of Numerical Software EngineeringFoundations of Numerical Software Engineering

PSPACEPSPACE
completecomplete#P#P

EXP
EXPPP

PSPACE
PSPACE REC

REC
NPNP

NPNP--
completecompleteLL NCNC

ComplexityComplexity of Computing with Continuous Dataof Computing with Continuous Data
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Fix polytime ƒ:[0;1]→[0;1]  ( continuous)

Complexity Theory for Numerics

•• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): t t ≤≤ x x }}
Max(Max(ƒƒ)) computable in EXPEXP;

polyn.timepolyn.time--computablecomputable ifif PP==NPNP

• : : ƒƒ →→ ƒƒ: (: (xx →→ 00
xx ƒƒ((tt) ) dtdt))

ƒƒ computable in EXPEXP;

polyn.timepolyn.time--computablecomputable ififff FPFP=#=#PP

• odesolveodesolve: : CC11([0;1]([0;1]××[[--1;1])1;1])∋ƒ→∋ƒ→ zz:  :  żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
PSPACEPSPACE--"complete"complete""

• Solution to Solution to Poisson'sPoisson's EquationEquation

isis classicalclassical and #and #PP--"complete"complete""

eveneven forfor ƒ∈ƒ∈CC∞∞
ff

Polyn.timePolyn.time forfor
analyticanalytic ff∈∈CCωω

∆u = f on B2(0,1)
u = 0 on ∂B2(0,1)

[[KawamuraKawamura 2010]2010]

[[Kawamura+Steinberg+ZKawamura+Steinberg+Z., MSCS 2017., MSCS 2017

Ker-I Ko
(Harvey Friedman)

PSPACEPSPACE

PSPACEPSPACE

Martin Ziegler
Advanced (Complexity) Issues

•• WeihrauchWeihrauch ReductionReduction among among continuouscontinuous problemsproblems

22ndnd--order polynomialorder polynomial--time  [Kawamura&Cooktime  [Kawamura&Cook’’2012012]2]

•• ““EfficientlyEfficiently”” encoding (encoding (““representingrepresenting””) spaces beyond ) spaces beyond ��
such as Sobolev spaces  (theory of such as Sobolev spaces  (theory of PDEsPDEs))

• Computational complexity theory of Computational complexity theory of higherhigher typestypes

• RandomizationRandomization in continuous data processingin continuous data processing

• Formal verificationFormal verification of of continuouscontinuous abstract data typesabstract data types

•• Software TestingSoftware Testing for for continuouscontinuous abstract data typesabstract data types
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Real/Real/

ComplexComplex/ / 

Functional Functional 

AnalysisAnalysis

Computer Computer 

ScienceScience

LOGIC
(Model Theory, 
Computability, 

Reduction) 

LogicLogic of of 

computingcomputing

continuouscontinuous

datadata

Logic of Computing with Logic of Computing with ContinuousContinuous Data:Data:

Foundation of Numerical Software EngineeringFoundation of Numerical Software Engineering

1. Forget 1. Forget floatfloat!!

2. 2. ContinuousContinuous

abstract abstract 

data typesdata types

3. Complexity:3. Complexity:

approx. up to approx. up to 22--nn

Martin Ziegler(discrete) 

Recursion
Theory

Computational

Complexity
(P/NP)

Computability

over the Reals

Real 

Complexity
Theory

Computability

on separable
metric Spaces

Continuity
/ Topology

Metric
Properties

arbitr.

oracles
arbitr.

oracles

resource-bounds

(runtime, memory)

graphs, integers, …

resource-bounds
(runtime, memory)

*

a
rb
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.

o
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*

a
rb

itr.

o
ra

cle
s

Numerics

PDEsPDEs, , LLpp WWkk,,pp

T
T

E
T

T
E
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„„A good A good 

lemmalemma isis

worthworth 1000 1000 

theoremstheorems““
((DoronDoron ZeilbergerZeilberger,,

OpinionOpinion ##82)  82)  

FoundationsFoundations of Software Engineeringof Software Engineering

ComputabilityComputability

(Turing, (Turing, KleeneKleene, , ……))

ComplexityComplexity

((HartmanisHartmanis, Cook, , Cook, ……))

Semantics/VerificationSemantics/Verification

(Scott, (Scott, HoareHoare, , ……))

SpecificationSpecificationd
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definitiondefinition isis
Implementation/library

Abstract Data Abstract Data TypesTypes

Martin Ziegler
Data Data AbstractionAbstraction and and PropertiesProperties

(finite)(finite)

setssets �� �� ������ �� �� 		



{{00,,11}*}* intintbytebyte doubledouble

BigIntegerBigInteger

(Java)(Java)

gridsgrids of of doubledouble,,

adad--hochoc

distributive distributive lawlaw

xx ⋅ ⋅ ((yy++zz) ) ==

== xx⋅⋅yy++xx⋅⋅zz
metricallymetrically

completecomplete

logic.completelogic.complete r.er.e. . 

11stst--order axiomsorder axiomsalgebraicallyalgebraically

completecomplete

iRRAM:REALiRRAM:REAL

AlgebraicAlgebraic

GeometryGeometry

ExistenceExistence

of of solutionssolutions

to to PDEsPDEs

InIncompletenesscompleteness

((GGöödel,Robinsondel,Robinson))

abstractabstract

datadata typetype Xerox PARCXerox PARC

ring, ring, fieldfield
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• Numerical Software Engineering

• Continuous Abstract Data Types

• Closest agreement with structures in Logic

• Rigorous elegant computable specification

• without hassles of actual Turing machines.

• Imperative Turing-complete programming

• Include transcendental computation

• Guided by Newton’s Method:

arguments exact, result approx.

DisambiguationDisambiguation

realPCFrealPCF


