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The development of Gerhard Gentzen’s (1909–1945) thoughts is seen through a refinement of the argument of consistency for Peano Arithmetic. His constructivist views
are paired with a pursual of a modified Hilbert’s program. However, the posthumously
published earliest consistency proof from 1935 is by modern research considered to contain a gap in the argument. This is a weaker criticism than the original claim that the
proof relies on the fan theorem. While Gentzen reworked the proof using transfinite
induction, not as a given principle, but as a provable theorem, the gap of the 1935-proof
can also be filled with a bar principle from Brouwerian intuitionism taken as a basic
recursive principle.
But following the thoughts of Gentzen; how did he prove the theorem of transfinite
induction in his published consistency proofs, his lectures, and letters? Based on his
constructivist views in the 1936-paper a clear notion of ordinals as a well-ordering of
potential infinites is detectable. The basic notion is described as a recursion on these
potential infinities. This crucial proof of transfinite induction in the 1936-paper was
not modified in the 1938-version. The reason Gentzen had for not reworking this part
of the proof, which he himself considered essential, was that he wanted to delay the
concretisation and explication of his methods for proving transfinite induction until he
had succeeded in proving the consistency of analysis and knew what was needed for
such a proof (see [1, p. 248] translating a letter to Bernays, 17 July 1936). Therefore,
Gentzen’s views on constructivism have to be considered tentative, because his life
ended in 1945, before he had reached his expressed aim.
[1] J. von Plato: Saved from the Cellar - Gerhard Gentzen’s shorthand notes on
logic and foundations of mathematics, Sources and Studies in the History of Mathematics and physical sciences. Springer (2017).

