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We continue to study families of theories of abelian groups [1] characterizing e-minimal
subfamilies [2] for finite abelian groups by Szmielew invariants αp,n, βp, γp, ε [4, 5],
where p are prime numbers, n ∈ ω \ {0}, as well as describing possibilities for the rank
RS [2].

We denote by TA,fin the family of all theories of finite abelian groups.

Theorem 1. For any infinite family T ⊆ TA,fin the following conditions are equiva-
lent: (1) T is e-minimal; (2) dim(T ) = 1, i.e., T does not have independent limit values
for Szmielew invariants; (3) for any upper bound αp,n ≥ m or lower bound αp,n ≤ m,
for m ∈ ω, there are finitely many theories in T satisfying this bound; having finitely
many theories with αp,n ≥ m, there are infinitely many theories in T with a fixed value
αp,n < m.

Theorem 2. Let α be a countable ordinal, n ∈ ω \ {0}. Then there is a subfamily
T ⊂ TA,fin such that RS(T ) = α and ds(T ) = n.

The families T for the proof of Theorem 2 have closures ClE(T ) inside TA,fin∪TA,pf ,
where TA,pf is the set of theories of pseudofinite abelian groups, and these closures are
d-definable.
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