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This is about a method of proof that seems to have been passed over. Descartes
suspected ancient geometers of using algebra, but covering their tracks. However, in
the centuries since La Géométrie of 1637 [2], persons such as Wallis [7], de Witt [3],
and Hamilton [5] who have reworked a basic result of Apollonius [1, 1.49-50] have
abandoned his visual proof.

Apollonius gives three ways to characterize a conic section: (i) an equation, involving
a latus rectum, that we can express in Cartesian form; (ii) the proportion whereby the
square on the ordinate varies as the abscissa or abscissas; (iii) an equation of a triangle
with a parallelogram or trapezoid. Holding in an affine plane, the latter equation is not
usefully translated into the lengths that Descartes has taught us to work with. With
the equation, there is a proof-without-words of what today we consider a coordinate
change. According to Rosenfeld [6], “Apollonius never mentions parabolic, elliptic, and
hyperbolic turns, but no doubt that he used these transformations.” The better modern
term for what Apollonius uses would be “scissors congruence” or “motivic measure”
[4].
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