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$0. INTRODUCTION: 

I have f r i e n d s  who r i d i c u l e  t h e  above t i t l e ,  perhaps c o n s t r u i n g  i t  a s  mildly pre- 
t e n t i o u s .  (Actua l ly  I c a n ' t  remember whether  i t  was I o r  one o f  t h e  o r g a n i z e r s  
who sugges ted  i t . )  A t  any r a t e ,  i t  makes good sense  f o r  m e .  When I gave my 
survey l e c t u r e s  i n  Manchester p-adic model theory was e x a c t l y  twenty y e a r s  o l d ,  
and I had thought  about i t  through most of t h a t  t i m e .  About h a l f  way through 
those  twenty y e a r s  I had t h e  good luck  t o  make a d iscovery  which i s  c u r r e n t l y  
regarded a s  b a s i c  (and y e t ,  i n  t h e  t h r e e  y e a r s  fo l lowing  p u b l i c a t i o n  of  my r e s u l t ,  
only Kreisel, van den Dries and k n e f  showed any understanding of i t ) .  The 
phrase "good luck" above i s  impor tan t ,  n o t  because i t  confirms my modesty, b u t  
because i t  i s  meant t o  prepare  t h e  r e a d e r  f o r  r e f l e c t i o n s  on  t h e  somewhat odd and 
i n s t r u c t i v e  development of  p-adic model theory .  I w i l l  be  happy i f  I succeed i n  
provid ing  an e l a b o r a t e  example f o r  Kreisel's " s h i f t s  of emphasis" i n  l o g i c .  

$1. THE CLASSICAL IMPORTANCE OF THE P-ADICS: 

1.1. Hensel  [Hasse 19801 invented  t h e  p-adic numbers. The most obvious use of 
these  o b j e c t s  is t o  a l low f r e e  use o f  r a t i o n a l  commutative a l g e b r a  i n  t h e  s y s t e n r  
a t i c  s tudy  of congruences. Thus, i f  f C Z[ft] then  f has  a z e r o  i n  t h e  p-adic 

i n t e g e r s  i f  and only i f  f o r  each k f has  a s o l u t i o n  modulo p . The s tudy of 

an i n d i v i d u a l  must t a k e  account  of n i l p o t e n t  e lements ,  b u t  i f  one i s  
i n t e r e s t e d  only i n  t h e  q u e s t i o n  of s o l v i n g  d iophant ine  equat ions  i n  a l l  t h e  Z/p , 
then one need only cons ider  s o l v a b i l i t y  i n  t h e  c h a r a c t e r i s t i c  0 domain Z 

( t h e  r i n g  of p-adic i n t e g e r s ) .  
Moreover, i t  i s  e n t i r e l y  n a t u r a l  t o  r e p l a c e  Z by i t s  q u o t i e n t  f i e l d  Q the  

k 

k Z/pk 

P 
The complicat ions due t o  n i l p o t e n t s  d i sappear .  

f i e l d  of p-adic numbers. P P '  

Hasse [Hasse 19801 p o i n t s  o u t  t h a t  S t e i n i t z  undertook h i s  fundamental (and model- 
t h e o r e t i c a l l y  i n f l u e n t i a l )  t r e a t i s e  on f i e l d  theory  [ S t e i n i t z  19301 l a r g e l y  
because of t h e s e  new f i e l d s  d iscovered  by Hensel .  

1 .2 .  As long a s  one cons iders  only one prime p a t  a t i m e ,  one expec ts  t o  use 
zp (OK Qp) i n  connect ion only w i t h  a necessary c o n d i t i o n  f o r  s o l v a b i l i t y  ( i n  

Z O K  Q) of a d iophant ine  equat ion .  But even t h i s  can be very powerful .  Skolem 
([Skolem 19381 o r  [Borevich-Shafarevich 19661) used t h e  i d e a  t o  o b t a i n  profound 
f i n i t e n e s s  theorems f o r  c e r t a i n  norm equat ions .  The technique rests on p-adic 
a n a l y t i c  f u n c t i o n  theory.  Skolem converted t h e  norm equat ions  t o  p-adic 
exponent ia l  equat ions ,  and then  employed a n a l y t i c  f u n c t i o n  theory.  I t  is note- 
worthy t h a t  t h e  method is h i g h l y  i n e f f e c t i v e .  

* 
Supported by N . S . F .  Grants  

The a u t h o r  takes  t h i s  chance t o  record  h i s  g r a t i t u d e  t o  t h e  Nat iona l  Science 
Foundation of  t h e  U.S.A. f o r  very  generous suppor t  over  twelve y e a r s  a t  Yale. 
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Aims of this lecture

The Ax-Kochen/Ershov theorems and principles have much broader and
deeper consequences than previously recognized.
Robinson’s theory of algebraically closed fields has reemerged as a source of
profound model theory.
Continuous logic may offer new insights into the theory of valued fields.
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The p-adic numbers from algebraic functions

Hensel was led to the p-adic numbers through his investigations into the theory of
algebraic functions and an analogy he observed between such algebraic functions
and numbers.

A polynomial function f : C→ C is by definition given a finite sum

f (t) = c0 + c1t + c2t
2 + · · ·+ cd t

d

where d ∈ N and each ci is a complex number.

More generally, any rational function f : C 99K C, or, indeed, any algebraic
function, may be represented by an infinite sum

f (t) = c−Nt
−N + c−N+1t

−N+1 + · · ·+ c0 + c1t + · · ·

at least in a neighborhood of the origin.

Considering all such formal series given together with the usual additional and
multiplication operations, we obtain the field C((t)) of formal Laurent series.
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The p-adic numbers as Laurent series in p

Fix now a prime number p. Then every natural number may be uniquely expressed
in its base-p expansion

n = a0 + a1p + a2p
2 + . . .+ adp

d

where each ai ∈ {0, 1, . . . , (p − 1)}. Hensel took the step of representing general
rational numbers by possibly infinite Laurent series in p. For example, if p = 5,
then

3
20

=
3
5

+ 3 + 3 · 5 + 3 · 25 + · · ·+ 3 · 5d + · · ·

The rules for addition and multiplication for this field of p-adic numbers Qp may
be deduced from the usual rules for adding and multiplying integers taking care to
“carry” appropriately.

The p-adic integers, Zp, consist of those p-adic numbers expressible as
∑∞

n=0 anp
n.
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The p-adics as a normed field

There is a natural way to define an absolute value on Qp: for a non-zero p-adic
number expressed as α =

∑∞
n=N anp

n where an ∈ {0, 1, . . . , (p − 1)}, aN 6= 0, and
N ∈ Z, we define ||α||p := p−N ∈ R+. (We set ||0||p := 0.)

Restricting || · ||p to Q regarded as a subfield of Qp, if α = pN a
b where a and

b are nonzero integers which are coprime to p, then ||α||p = p−N .
For any field k and any choice of real number γ ∈ (0, 1), the field of formal
Laurent series k((t)) , consisting of series

∑∞
n=N ant

n with an ∈ k and N ∈ Z
admits a similar norm defined by ||

∑∞
n=N ant

n||γ := γN if aN 6= 0 and
||0|| := 0. In this way, taking γ := 1

p , the normed field of Laurent series
Fp((t)) over the field of p elements looks like the normed field of p-adic
numbers Qp, which is morally “Fp((p))”.
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Anticipating AKE: “interpreting” Qp in Fp

The usual construction of the field of Laurent series gives something like an
infinitary interpretation of k((t)) in k . As such, one might expect that the theory
of k((t)) is determined by the theory of k .

There is a related construction which starts with a perfect field k of characteristic
p and returns a local ring W (k) (the p-typical Witt vectors) realized as N-indexed
sequences from k , with maximal ideal pW (k) and k ∼= W (k)/pW (k). This
construction gives a precise sense in which Zp may be realized as “power series in
p over Fp”. In this sense, we see Qp as if it were interpreted in Fp.
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Valued fields

Shortly after Hensel introduced the p-adic numbers as Laurent series in p, the
class of valued fields was axiomatized and then Qp was realized as the completion
of the field of rational numbers Q with respect to the p-adic norm just as R may
be obtained as the completion of Q with respect to the usual absolute value.

Already in Kürshák’s 1913 Crelle paper “Über Limesbildung und allgemeine
Körpertheorie” we find the definition of a valued field as a field K given together
with a function || · || : K → R≥0 satisfying universally:

||x || = 0⇐⇒ x = 0
||xy || = ||x || ||y ||
||1 + x || ≤ 1 + ||x ||

Moreover, the valuation is nontrivial if there is some a ∈ K r {0, 1} with ||a|| 6= 1
and the valuation is non-archimedian if the triangle inequality may be
strengthened to

||x + y || ≤ max{||x ||, ||y ||}
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Krull (or general) valuations

In the above definition of an absolute value, the values are taken in the
nonnegative real numbers, but only the ordered group structure of R+ is used. To
study valued fields from the point of view of first-order logic, it is better to allow
for an arbitrary ordered abelian group as the target for the valuation.

A valued field (K , | · |, Γ) is a field K given together with a function | · | : K× → Γ
from K to the ordered abelian group (Γ, ·, 1) (with the convention that
|0| = 0 < Γ and 0 · γ = γ · 0 = 0 for any γ ∈ {0} ∪ Γ) which satisfies universally

|xy | = |x | |y | and
|x + y | ≤ max{|x |, |y |}

There are various choices of language in which to express the theory of valued
fields and different conventions are followed in the works we discuss. In the
simplest one-sorted version, we work with the expansion the language of rings by a
binary relation symbol D(x , y) to be interpreted as D(x , y) :⇐⇒ |x | ≤ |y |. In this
language, Γ may be interpreted at K×/ ∼ where x ∼ y :⇐⇒ D(x , y) & D(y , x).
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Valuation ring, maximal ideal, and residue field

For a valued field (K , | · |, Γ), the closed unit ball

OK := {x ∈ K : |x | ≤ 1}

is a subring of K , called its ring of integers, and the open unit ball

mK := {x ∈ K : |x | < 1}

is a maximal ideal. The quotient

kK = OK/mK

is the residue field.
We drop the subscript “K ” if it is understood.

In Qp, O =: Zp = {
∑∞

n=0 anp
n : an ∈ {0, . . . , (p − 1)}} and k = Fp.

In F ((t)), O = F [[t]] = {
∑∞

n=0 ant
n : an ∈ F}, and k = F .
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Algebraically closed valued fields

Theorem (A. Robinson, 1956)
The theory of non-trivially valued algebraically closed fields, ACVF, is the model
companion of the theory of valued fields.
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Decidable theories of fields

As of 1963 only three classes of fields were known to be decidable:
finite fields (individually, for obvious reasons; that the class of finite fields is
decidable was shown by Ax only in 1968)
real closed fields
algebraically closed fields

and Tarski conjectured that there are no other fields with a decidable theory.

In a survey on (un)decidable theories composed in 1963 (and published in
English in 1965) Yu.L. Ershov, I. A. Lavrov, A.D. Taimanov and M.A.
Taitslin raise this and several related questons, such as whether every field of
formal Laurent series has an undecidable theory.
J. Robinson noted that these “fields are decidable because in some sense ‘so
many’ equations are solvable. This suggests that the p-adic fields are
promising candidates for counterexamples to Tarski’s conjecture.”
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Hensel’s Lemma

Theorem
Let (K , || · ||) be a complete valued field with valuation || · || : K× → R+. Let
f (x) ∈ OK [x ] be a polynomial with integral coefficients. Suppose that b ∈ OK

satisfies ||f (b)|| < 1 = ||f ′(b)||. Then there is some c ∈ K with f (c) = 0 and
||b − c || = ||f (b)||.

This lemma applies, in particular, to Qp and to fields of formal Laurent series
k((t)).
Quantifying over the coefficients of f , Hensel’s Lemma may be expressed by
a countable set of first-order sentences. A valued field satisfying Hensel’s
Lemma is called henselian.
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Ax-Kochen/Ershov theorem

Theorem (Ax and Kochen; Ershov)
Let (K , | · |) and (L, | · |) be two henselian valued fields whose residue fields have
characteristic zero. Then K ≡ L if and only if kK ≡ kL and ΓK ≡ ΓL.

It follows that Qp and Fp((t)) have the same first-order theory in the limit in
the sense that ∏

Qp/U ≡
∏

Fp((t))/U

for any non-principal ultrafilter U on the set of primes.
Fixing the prime p, if K and L are two henselian fields of characteristic zero
whose residue fields have characteristic p, then K ≡ L if and only if ΓK ≡ ΓL

and OK/p
nOK ≡ OL/p

nOL for every n ∈ Z+.
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Definable sets in Qp

Various quantifier simplification theorems were known early in the work on the
model theory of Qp.

The Ax-Kochen-Ershov theorem gives quantifier elimination for Qp in an
expanded language having the cross-section n 7→ pn and divisibility predicates
on the value group.
Cohen gave a primitive recursive decision procedure for the theory of Qp

based on a cell decomposition theorem, still using the cross section n 7→ pn.
Macintyre proved quantifier elimination for Qp in a language having
predicates Pn defined by Pn(x) :⇐⇒ (∃y)yn = x .
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From quantifier elimination to computation of integrals

For a set S ⊆ Zm
p and n ∈ N, define Nn(S) := #(S mod pn) and consider the

Poincaré series

PS(T ) :=
∞∑
n=0

Nn(S)T n

When S is definable, then PS(T ) is a rational function of T .

In a paper published in 1984, Denef proves this theorem by relating the rationality
if PS(T ) to properties of integrals

∫
Zm
p
|f |sp where f is a definable function and

then uses quantifier elimination (and further properties) to reduce the
computation of the integrals to elementary series computations.

The first-order formulae describing S would make sense with p replaced by
another prime. Answering the question of how the resulting rational function
varies with p motivated the search for uniform quantifier elimination theorems.
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AKE as a principle: relative quantifier elimination

The Ax-Kochen-Ershov principle asserts that properties of the henselian field K
may be understood from the corresponding properties of its value group and
residue rings (or possibly from more general auxiliary interpretable structues such
as RV(K ) = K×/(1 + m) or the “geometric sorts”).

For example, in the language with a cross-section, henselian fields of residue
characteristic zero have quantifier elimination relative to the value group and the
residue field k .
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Uniform p-adic integration to motivic integration

Bounds on the degrees of the rational functions appearing in Denef’s theorem
follow from uniform quantifier elimination theorems for the p-adics.
(Macintyre, APAL (1990) and Pas, JLMS (1990))
The uniformity is better expressed motivically: in the Poincaré series
PS(T ) =

∑
#(S mod pn)T n rather than counting (S mod pn) regard the

formula (S mod pn) as a “number” in its own right as an element of an
appropriate Grothendieck ring. Denef and Loeser show in “Definable sets,
motives, and p-adic integrals”, JAMS (2000), that the rationality theorem
holds motivically.
The class of integrals to which theory of Denef-Loeser-Cluckers motivic
integration applies has expanded over the years including the kinds of
oscillating orbital integrals appearing in the Langland’s Program.
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Robinson’s ACVF returns

In “Integration in valued fields” (2006), Hrushovski and Kazhdan develop a
theory of motivic integration based on the theory ACVF0,0.
In the 2006 Crelle paper “Definable sets in algebraically closed valued fields:
elimination of imaginaries” followed by the 2008 Lecture Notes in Logic
“Stable domination and independence in algebraically closed valued fields”,
Haskell, Hrushovski, and Macperson describe the interpretable sets in ACVF
by developing a theory of “stable domination”.
In the 2016 Annals of Mathematics Studies monograph “Non-archimedean
tame topology and stably dominated types” Hrushovski and Loeser construct
a theory of the geometry of nonarchimedean spaces using spaces of stably
dominated types.
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Stability for valued fields?

Theories of (non-trivially) valued fields can never be stable because they have
an interpretable order (the value group).
The AKE principle does hold for other stability-like properties. For instance, a
henselian field of residue characteristic zero has the independence property if
and only if either its residue field or its value group does.
The theory of stable domination suggests that the theory ACVF behaves as if
it were composed of stable parts parameterized by the value group. This
observation has been made precise through the theory of metastability.
Ben Yaacov shows that if ACVF is considered in continuous logic, then it is
stable. This move to continuous logic is the first necessary step in the (still
developing) Ben Yaacov-Hrushovski theory of fields with a product formula.
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Perfectoid spaces

The analogy between valued fields of characteristic p and those of mixed
characteristic has been given a precise and powerful formulation in Scholze’s
theory of perfectoid spaces.
Behind this theory is the tilt/untilt correspondence: given a complete mixed
characteristic (0, p) valued field K whose value group is a dense subgroup of
R+ and for which the residue ring O/pO is perfect, the tilt K [, is a complete
valued field of characteristic p constructed from an inverse limit procedure.
Using the Witt vector construction followed by a appropriate quotient, from a
perfect, complete, nontrivially valued field L of characteristic p, one
constructs the untilt L] in such a way that (K [)] ∼= K .
The correspondence transfers properties between K and K [. For example,
their absolute Galois groups are isomorphic.

In work with Rideau and Simon, we show that this tilt/untilt correspondence may
be understood as a bi-interpretation in the sense of continuous logic.
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What else?
Some researchers of the model theory of valued fields

Meghan Anderson, Sylvy Anscombe, Matthias Aschenbrenner, James Ax, S, erban Basarab, Jochen Becker, Luc Bélair, Itaï Ben

Yaacov, Anna Blaszczok, Ali Bleybel, Zoé Chatzidakis, Gregory Cherlin, Artem Chernikov, Raf Cluckers, Georges Comte, Pablo

Cubides Kovacsics, Paola D’Aquino, Luck Darnière, Françoise Delon, Jan Denef, Jamshid Derakhshan, Philip Dittmann, Jan

Dobrowolski, Alf Dolich, Antoine Ducros, Salih Durham, Clifton Ealy, Philip Ehrlich, Kirsten Eisenträger, Yuri Ershov, Arno

Fehm, Joseph Flenner, Arthur Forey, Antongiulio Fornasiero, Tim Gardener, Allen Gehret, Julia Gordan, Nicholas Guzy, Thomas

Hales, Yatir Halevi, Immi Halupczok, Deirdre Haskell, Nadja Hempel, Martin Hils, Joris van der Hoeven, Jan Holly, Ehud

Hrushovski, Franziska Jahnka, Moshe Jarden, Will Johnson, Moshe Kamensky, Itay Kaplan, David Kazhdan, Julia Knight, Piotr

Kowalski, Jochen Koenigsmann, Simon Kochen, Krzysztof Krupiński, Franz-Viktor Kuhlmann, Salma Kuhlmann, Tristan

Kuijpers, Karen Lange, Chris Laskowski, Jung-uk Lee, Wan Lee, Eva Leenknegt, Gérard Leloup, Leonard Lipshitz, François

Loeser, Fares Maalouf, Angus Macintyre, Dugald Macpherson, Anatoly Malcev, Jana Mařiková, Nathanaël Mariaule, Ben Martin,

Christian Michaux, Samaria Montenegro, Kien Huu Nguyen, Johannes Nicaise, Krzysztof Jan Nowak, Gönenç Onay, Alf

Onshuus, Koushik Pal, Jennifer Park, Johan Pas, Hector Paster, Thanases Pheidas, Anand Pillay, Jérôme Poineau, Françoise

Point, Florian Pop, Alexander Prestel, Serge Randriambololona, Silvain Rideau, Romain Rioux, Abraham Robinson, Edmund

Robinson, Julia Robinson, Raphael Robinson, Zach Robinson, Peter Roquette, Thomas Scanlon, Joachim Schmid, Hans

Schoutens, Philip Scowcroft, Saharon Shelah, Sasha Shlapentokh, Pierre Simon, Sergei Starchenko, Tigran Takobyan, Marcus

Tressl, Xavier Vidaux, Frank Wagner, Volker Weisspfenning, Yoav Yaffe, Jinhe Ye, Yimu Yin, Martin Ziegler
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Aside: Orders of infinity
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Rychlík’s Lemma

94

Zur Bewertungstheorie der algebraischen K rper,
Von Herrn Karl Rychlik in Prag.

Einleitung.
§ 1. Die K rper und Integrit tsbereiche sind Bereiche, in denen nach den

aus den Elementen der Algebra bekannten Regeln f r die rationalen bzw. ganzen
Zahlen gerechnet wird *).

Man kann auch den Begriff des absoluten Betrages verallgemeinern und auf
Grund desselben den Limes und die Konvergenz definieren.

Wir werden jedem Elemente a des K rpers K eine reelle Zahl ||q|| ^> 0
zuordnen, so da folgende Bedingungen erf llt sind:

L ||0|| = 0, f r αφΟ ist \\a\\ > 0, und wenn der triviale Fall ||0|| = 0,
||a|| = l f r αφΟ, ausgeschlossen werden soll: Es gibt im K rper wenigstens ein
Element a, f r welches ||α||φ1.

II. ||aft||H|a||.||fr||.
III. ||1 + a|| s; l + ||a||.
||a|| wird nach Herrn K rschak Bewertung des Elementes a genannt, und

ein K rper, f r den eine solche Zuordnung existiert, wird als bewerteter K rper
bezeichnet2).

Dann gilt: 1.) , _1MI f r 6ΦΟ; 2.) ||1|| = 1; 3.)11*11'
4.) ||-α|| = ||α||; 5.) ||α + b\\ ̂  |

6.) ||α +* + « + · . · |Ι^ ||a|| + | | f r | |+ ||c|| + .··.
Im speziellen Falle, da statt III die Bedingung IIΓ gilt: F r | | α | |<Ξΐ

ist ||1 + α||:§1, erhalten wir die nichtarchimedische Bewertung9).
Anstatt (5.) und (6.) gilt dann: 5'.) ||a + 6|| g Max (||a||, ||6||), und

wenn ||α||ΦΡ||, sogar ||a + b\\ = Max (||a||, ||*||).
6'.) ||a + b + c + - · .|| g Max (||a||91|&||, ||c||,.. .)·

Daraus folgt in diesem Falle gleich ||n||:Sl, wenn n eine ganze rationiale Zahl
bezeichnet.

x) Stdnitz, Dieses Journal 137, 1910. Die Ergebnisse dieser Arbeit setze ich voraus und
benutze die dort eingef hrte Terminologie.

2) Kt rsMOt, Dieses Journal 142, 1913, § 1—23.
3) Ostrowski, Acta mathera. 41, 1917.
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Hensel proved Hensel’s Lemma for Qp

and Rychlík extended the proof to
general complete valued fields.
Rychlík’s proof originally appeared in
Czech in 1917 and then again in
German in Crelle in 1924.
Rychlík’s formulation of Hensel’s
Lemma differs from what we have
written.
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Robinson’s ACVF returns: Hrushovski-Kazhdan motivic
integration

In motivic integration in the style of Kontsevich-Denef-Loeser-Cluckers, the
underlying valued field is always discretely valued so that the definable sets
used for counting are always internal to the residue field.
Using quantifier elimination for ACVF (and a deceptively simple averaging
technique that is only valid for residue characteristic zero), Hrushovski and
Kazhdan develop an alternate theory of motivic integration in which the sets
used for counting are definable sets in powers of RV, and thus take into
account both the residue field and the value group.
Using quantifier elimination for ACVF again, they show how to specialize this
theory to the usual theory of motivic integration.
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Robinson’s ACVF returns: Stable domination and
imaginaries

In general, an imaginary is an element of a
quotient X/E where X is definable and E is a
definable equivalence relation.
In valued fields, there are interpretable sets
which are not definably isomorphic to definable
sets (e.g. Γ = K×/O×)
For ACVF, all such imaginaries are reducible to
“geometric imaginaries”, from quotients
GLn(K )/GLn(O) and GLn(K )/G 0

n where
G 0
n = ker(GLn(O)→ GLn(k)).

The proof depends on developing a sense in
which stability theory at the level of the
residue field lifts to this unstable theory.
(Recall that a theory is unstable if there is a
formula φ(x , y) and in some model sequences
(ai )
∞
i=0 and (bj)

∞
j=0 with φ(ai , bj)⇐⇒ i ≤ j .)
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Robinson’s ACVF returns: Stably dominated types and
Berkovich geometry

Nonarchimedian geometry violates many of our
intuitions from Euclidean geometry. In
particular, the topology is totally disconnected.
Various enriched spaces have been proposed,
and this model theoretic approach takes the
stably dominated types as the points of the
geometric space.
Using the (pro-)definability of these spaces,
they may be analyzed through first-order logic
and it is shown, for instance, that these spaces
admit spaces definable in the value group as
deformation retracts.
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Ax-Kochen and Ershov

 DIOPHANTINE PROBLEMS OVER LOCAL FIELDS I.*

 By JAMES Ax and SIMON KoCHEN.

 0. Introduction. A conjecture of Artin states that every form f of

 degree d in n > d2 variables over Qp, the p-adic completion of the rationals,

 has a non-trivial zero in Q. For the case d = 2, this is a classical theorem

 about quadratic forms. A proof of the conjecture for d 3 was given by

 Lewis in [13].

 In this paper we prove:

 (1) For every positive integer d there exists a finite set of priimes A = A (d)

 such that for every prime p f A every form f of degree d in n > d2

 variables over Qp, has a non-trivial zero in QJ.1

 This and the analogous assertion for the completion of a number field k

 (here A depends only on d and [k: Q]) follow from Theorem 5. A further

 result obtained is the following:

 (2) Let f be a polynomial without constant term of degree d in n > d

 variables over the ring Z of rational integers. Then there exists a

 finite set B of primes such that for every prime p ? B, f has a non-

 trivial zero in Qp.

 (See the Corollary to Theorem 1.) This re-proves 2 a conjecture of

 Lang [12].

 These and similar results are special cases of the following general

 * While working on this paper the first author was partly supported by the U. S.
 Army Research Office (Durham) contract number DA-31-124-ARO-D-107 and National

 Science Foundation Grant GP-2243; the second author by N\ational Scie;-ce Foundation
 Grant GP-124. The authors thank W. Feit and D. Lewis for their many useful
 suggestions.

 Received August 24, 1964.

 Revised April 15, 1965.

 'Recently D. J. Lewis and B. J. -Birc'h, l have proved the sp1 eial cases d =,7, li
 of (1).

 2 After conipleting the original manuscript, wi-e Awere informed by D. T Lwis tlat
 N. Greenleaf has obtained the Corollarv to Theorem 1. using alhoebraic-geonietric tech-
 niques.
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